8.1

Binomial Theorem for Positive Integral Indices

Learning objectives:

e Tostudy the Binomial Theorem for Positive Integral

Indices.
And

e To practice the related problems.

By actual multiplication

(a+b)=a+b

(a + b)? = a® + 2ab + b?

(a + b)® = a® + 3a?b + 3ab? + b°

(a + b)* = a* + 4a®b + 6a°b? + 4ab’® + b*

(a+ b)° =a’ + 5a*b + 10a®b? + 10a?b® + 5ab* + b°

These expansions suggest that, when n is a positive integer,

(a+ b)" = a™ + na™ 1b+n[1121} n-zp?

N ntn—l 2.[:_2} a™3b3 + -+ nab™ 1 + b"-(1)

The coefficients in the expansion are denoted by

RN R

The coefficient of any term may be expressed as

(n) ~ nn-1)n-2).(n-r+1) _ n!
r/) 1-2:3=(r—1)r T (n—r)ir!

The numbers denoted by the symbol (::), where r and n are

positive integers with < n [read: “ 'C.” or “n choose r’], are
calledthe binomial coefficients, since they appearas the
coefficients in the expansion of (a + b)".

The expansionin (1) is known as binomial theorem expansion.
Thus, the binomial theorem for positive integral indices is given

by

(x +y)" = Z () x"y* = Z () ¥y
k=0 k=0
= x™ 4+ G) x"ly 4+ G) X"yl 4 e G) x" Ty +

Ay (e

Example1:

Expand (3x + 2y?)>.

(3x +2y?)% = (3x)5 + 2 (3x)4(2y ) + 5“’(3x)3(2y )2

+ 22 30)2(2y?)° +2 B0 2yD)* + (22)°
— 243x° + 810x*y? 4+ 1080x3y* + 720x2y°®
+240xy® + 32y*°

Example 2:

How many subsets are there of a set consisting of n
elements?

Solution:

There are (n

k) subsets of size k, 0 =< k = n. Therefore

mn

Z (3) 1517 * = (1 + 1)
k=0

n

2.()=7

k=0
The desired answer is 2™.

We consider some special cases of the binomial expansion.

(x —y)" = Z (7)) xm (="
=ty s e R R

n

A= (D)

k=0

14 (e (s G ew
a0 =Y ()0

1 (s (- (e s e

Example 3:
Evaluate (1.02)'? correct to four decimal places.

Solution:

(1.02)12 = (1 + 0.02)12

12-11

=14+ 12(0.02) +—(n 02)% +

12-11-10

(0.02)3

12:11-10-9
4-3-2-1

=1+ 0.24 + 0.0264 + 0.00176 + 0.0008 + ---

(0.02)“‘ +

— 1.26824
Thus, (1.02)'% = 1.2682 correct to four decimal places.



IP1:
(VZ+1) +(VZ2-1)° =
Solution:
(1+32) =1+ %6, (V2)+ 0o (V2 ) + e (V2)
o () wes( 2 + (2
R R (o)
v () - a2 + a2

Now, (1 + \/5)5 +(ﬁ —1)5 = 2[1 +5C,(2)+ °C,(4) + 505(3)]
= 2[1+30+60+8] =198



IP2:
4
For x # 0, (:t‘z ——) =

Solution:

=X — 4x5.[§] 6:{4[ 9; ]— 4:{2[
X X

—x° —12x +54x

4

-

108 31

_I_
4
X X



IP3:
Which is larger (1.01)1990000 5+ 10, 000.

Solution:

Splitting 1.01 and using binomial theorem to write the first few
terms we have

1000000
) (

(1.01 = (1+0.01)"""

=1+ mmmmq (0.01) + positive terms

=1+1000000x0.01 + positive terms

=1+10000 + positive terms

)mmmm —10001+--- >10000

)IDDDDDD

(1.01

. (1.01 >10000



IP4:

Using Binomial theorem, prove that 6™ — 5n always leaves

remainder 1 when divided by 25

Solution:

We have 1+x ZC x

Putx =35, we get

Fl

(1+5)"=6"=)""C,-5"

r=0

=¥ G o oS WEL o SR ot SIS o
=6" =1+51+5| "C,+ "C,5+.....+ "C, 5|
=6"—5n=1+25-k, where k=|"C,+"C;5+.....+"C,5" " |

=6"—5n=25-k+1
Thisshows that when divided by 25, 6" —5#n leavesremainder 1.



P1.

(V3+1)° - (V3-1) =



Solution:
(1++3) =5¢, +5¢,(\3)+5¢, (\3) +5¢, (¥3)
#56,(4B) +3¢,(B)
(18] =56, ~5c,(+8) 5 () 36, (8]
3¢, (Y8)' 3, ()
Now, (1 +ﬁ)5 +(1 —ﬁ)j — 2[1 +50 (3)+5¢, (9)]

:::»(\/EH)S —(\/5—1)5 = 2[1+30+45] =152



P2:

The coefficient of x” in the expansion (1 + x2)4(1 +x) is



Solution:

(1 +x2)4(1 Jr.::L:)T
=(1+fCp® + 7Ot + fo® 4 fot),

(1 +Cx+ 'Cx* +'Cx° + 'Cx* + 'Cx° + TCx® + ?c?f)
:(1+-r-1.:s|:2 +6x" +4x° +x3)

(147 +212% +352° +35x* + 218" + 72 + 27

Now, the coefficient of x” in the expansion is

1+ 4(21) + 6(35) + 4(7) = 323



P3.

Find the approximation of (0. 99)5 using the first three terms

of its expansion.



Solution:

We have

(0.99)° = (1 — 0.01)°
5
=(1-1)

T 1) s 1Y
100 100

1Y 1Y
100 l 100

5 10 10 5 1
o0 T (1002 (100)3 T (100)%¢  (100)3

—1—

=1 — 0.05 + 0.0001(Neglecting 4" and other terms)
(0.99)°> = 0.951



2. Find (a + b)* — (a — b)*. Hence, evaluate

(V3++2) - (V3-v2)".



3. Find (x + 1)® + (x — 1)®. Hence evaluate

(VZ+1) - (¥Vz-1)".



4. Use the binomial theorem to evaluate (1.06)° correct to four

decimal places.



5. Using binomialtheorem, evaluate each of the following:
a. (96)°
b. (98)°
c. (102)°
d. (101)*



6. Using binomial theorem, indicate which is larger (1.1)10090
or 1000.



7. Using binomial theorem prove that 50™ — 49n — 1 is

divisible by 497 for all positive integers n.



8. Using binomial theorem, prove that 625" — 48n — 1 is
divisible by 576 for all positive integers n.



9. If n is a positive integer, then prove that81™ + 20n — 1 s
divisible by 100.



Solution:
54 +52n —1
= 25°" +52n — 1
=(26—1)"+52n—1
_ zncﬂ(zﬁ)zn B zncl(26)zn—1 n zncz(zﬁ)zn—z _
+2'C, ,(26)* - *"C, (26)+**C, +52n—1

J-H_E

=(26)| (26)"7 = "C(26)"" +..+ 7"C,,, | - (2m)26 +1+ 520~ 1

=676| (26)""* = "C,(26)"" 7 +..+ 7'C,,., |
which is divisible by 676



Exercises:

1. Expand the following using binomialtheorem.
a. (2x + 3y)°
b. (4x + 5y)”

. (xty)

(22
5 7
e. 34+x—x%)*

()



8.2

General and Middle Terms

Learning objectives:

e Tofind the general and middle terms in a binomial

expansion.
And

e To practice the related problems.

Let n be a positive integer. Let T, T5, T3, ... denote the

terms of expansion of a binomial

(x +y)" = i (3o) x"y* = i () <y
k=0 k=0

= x™ 4 CD x"ly + (;) X"y 4o (: x"TyT +
et (g)xzy“_z ~ Gl) xy™ 1+ ym
Then

- ()

({7

We call the (r + 1)”1 term of the expansion the general

e
]

term of the expansion. Itisdenoted by T, 4.

The general term of a binomial expansion (x + y)™ is
given by

Examplel:
Find the fifth term in the expansion of (2x + 3y)12.
Solution:

The fifth term is given by

Ts = Tyyq = (142) (2x)17*(3y)*

1211109 ;1\8 8/ 4. 4
= 2.1 2)°x"(3)%y

= 495(256x8)(81y*) = 10,264,320x8y*

Example 2:
1 \12
Find the ninth term of (x — 1;2) .
X
Solution:
12 1 \°
Iy = Tg4q = ( 3 )x4(_x1fz)
_ 12-11-1{}-9.;{4 C1 405
4-3-2-1 x*
Example 3:

10
Find the middle term in the expansion of (xm + Il—l) .

Solution:

Since there are 11 terms in all, the middle term is the sixth.

fo =5 = (5) ) ()

= 252x10/3 = 252x5/6

+5/2

Middle term:

The middle term of a binomial expansiondepends upon
whether the index n is even or odd.

If n is even, the number of terms in the expansion is

n + 1, which is odd. Therefore, the middle term is given
n+1+1 T

2 ::E'F]_

by T'nia =
In example 3, wheren = 10, the middle term is ? + 1 = 6.

If n is odd, then n + 1 is even, so there will be two

middle terms in the expansion:

n+1 n+3
— and =
2 2

For example, in the expansion of (x + y)E*, the two middle

5+1 5+3
terms are R 3 and e 4.

Note:

Zn
In expansions of the type (x + i) ,the middle term
2n 1 2n
Imia = Th+1 :(n)xﬂ-x_n:(n)
isindependent of x, and is therefore a constant.



IP1:

5
If the 3" term of the expansion G + xl"gl“"‘) is 1000, then

the valueof x is

Solution:

Given I,=1,.,=1000
5_9

= 5C, [l]n (x“ﬂ*gl'i?'*”f)2 ~1000

-

X

1000

)
3f 1 -
—10x (:{ ”gmx)
21 3 2
— x P =10

— 2log,,x -3 =2log 10

Put log,;y x = y, we get

2y—323:2}?2—3y—2:{]=}(y—2)(2y+1)20

-1
:}y:20ry:?

_ _1
= logpx = 2orlogp x :?1:}x = 102 0orx =10 2

1
— x =100 0rx = —
\J10



IP2:

Find the coefficients of the middle terms of the expansion

3.7
X
Solution:
We have n = 7 (odd). The middle terms are HTH = 4,“%3 =5

3 7
The middle terms of the given expansion (3x — %) are 4" and

5" terms

7 3 .3 12 4
= (C,.3.x°.x".6

_35Q27) 45 _35 s
1296 43




IP3:

5
If the coefficient of x in the expansion (IE + E) is 270 then k =

X

Solution:

5
The given expansion is (xg + ;)

Now, general term is

R ECF (IE )5—?' (E]F o EC}, I]D—?r:-' kT

To find the coefficient of x, we must have 10 — 3r =1

=r =3
Ty ="Cs k'x

By the hypothesis, the coefficient of x is 270

2L k3 =270
2131

= k3(10) = 270 = k =3



IP4:

The sum of the coefficients of x™, x™ 2 x™ °inthe

. 3\™ .
expansion of (x — x_E) ,X # 0, (mbeing a natural number)

is 559. Find the coefficient of x2 in the expansion.

Solution:
The coefficients of x™, x™ ™2, x™ ®in the expansion of
3\™ .
(x — —) ,x # 0, (m being a natural number), are

e

“C,, "Ci(=3)and "C, (9)
By hypothesis, we have
"C,—3"C,+97C, =559

— 1 —-3m+ %T_l} — 559

—2—6m+9m? —9m = 1118
— 3m* —5m—372=0
= B3m+31)(m—-12) =0

= m = 12 (m being a natural number)

Now,

r+1 ¥

T 120 2 [_ 3?] _ 12(3? (_3)r (23

To compute the term containing x°, put12 —3r =3 = r = 3

Thus, the required term is 1203 (_3)3 X7 = —5940x°.



P1:

If the 2™, 3" and 4™ terms in the binomial expansion (x + a)™

are 240, 720 and 1080 respectively, then find x, a and n.



Solution:

Given
E=L. ="Cx"a=210 ....... (4)
T,=T,,="C,x"?.a*=720.......... (B)
T.=T,,="C,x"".a=1080......... (©)
(B) "C,x"*d> 720
— = —
(4) "C,x"la 240
n(n—1)
—~_ 2! 4_3.2_ . (1)
no X x (n-1)
(C)  "c,x~a 1080
:> g g —
(B) "C,x"".a 720
arda 2 g (2)
3 x 2 x 2(n-2)
By solving (1) and (2), we get
6 9
= —n=>5

(n-1) 2(n-2)

From (1), we have a = gx

From (4), we have

3;]:240:;?:32:;(:2

C x"'a =240 = 5x [

andaz%(Z):ﬂa:3

Therefore, the values of x, a, n are 2, 3, 5 respectively.



P2:

20
The middle term in the expansion of (;—3 + 51‘4) IS



Solution:

Here n = 20. There exists only one middle term, since n is
even.

th
Middle term = (;—1+ 1) term

- th
= (? + 1) term = 11™ term

20-10
20 3 4110
Iy =Ton =G [? (53‘7 )

20 10 10
— ¢, 15"



P3:

1 1\ 20
The independent term of x in (21‘5 — 3;1:'_5) is



Solution:

1 1, 20
The given expansion is (2x5 — 3x_5)

L T Eﬂcr (le.-’z) 20-r (—3.1:_1’53) r

20—r e
20 20— =5
="C, 2773 x ¢ (-)'x?

10-L—

= EGC}_ (_1)}2 20—r 37y 2773

To, find the independentterm, we must have

10-1-I=20=210=L=r=201=12
2 3 6 5

20 12 5 20-12 4 12_ 20 8 12
I, ="Ch(=D"2 37="7C,2° 3



P4.

If the coefficients of 5, 6", 7" terms of (1 + x)™ arein A. P
then n =



Solution:

The coefficients of 5", 6™ and 7" terms of (1 + x) are
I ¥l ¥
C,,"Cs and "C;

: n n n
Given, C4’ C5 and Cﬁ are in A.P.

= 2"Cs="C,+"C,

n! n! n!
= 2 (n—5)15!  (n—4)14! & (n—6)!6!
N 2 _ 1 4 1
(n—-5)(n—6)'5.4' (n—4)(n—5)(n—6)4! (n—6)'6.5.4!
2 1 1
= 53 m-D@m-5 T 30
1 [2 1 1
= @ — |- —|] = —
n—5 15 n—4 30

2n—8-5 n-—>5

5(n—4) 30

— 12n—48—-30=n%? —9n + 20

n*—21n+98 =0

l

n—14)(n—-7)=0= n=7o0rl4

l



Exercises:

1. Write down and simplify
a. 5thtermin (3x — 4y)’

9
b. 6th termin (23_1: + Z—F)

c. 7thtermin (3x — 4y)*°
5. 12
d. 7thtermin (4 + x—)

2 2



. xlfz 2y e : .
2. Find the twelfth term of ( ral ) and simplify.

xafz




3. Find a if the 17™ and 18™ terms of the expansion (2 + a)°°

are equal.



4. Findthe middle term(s) in the expansion of

o (F-2)
b. (3a — 2b)®
. (4a+2b)"

d. (2x + 3y)’



5. Show that the middle term in the expansion of (1 + x)?"is
1:3-5-(2n—1)

n!

2™ x™, where n is a positive integer.



6. If the k th term is the middle term in the expansion of

1120
(xz — —) ,then find T}, and T}, . 5.

2x



7. Find the term independent of x in the expansion of



8. Find the coefficient of x®y3 in the expansion of (x + 2y)°.



9. The coefficients of three consecutive terms in the expansion
of (1 + a)™ are in the ratio 1: 7: 42. Find n.



10. Show that the coefficient of the middleterm in the

)En

expansion of (1 + 2x is equal to the sum of the

coefficients of two middle terms in the expansion of
(1 +x)*" 1.



11. Find the coefficient of a* in the product
(14 2a)*(2 — a)® using binomial theorem.



12. If the coefficients of (r — 5)™ and (2r — 1)™ terms in the

expansion of (1 + x)>* are equal, then find r.



7.3

Greatest Coefficient and Greatest Term
Learning objectives:

e Tofind the greatest coefficients and greatest terms in the
binomial expansion.

And

e To practice the related problems.

Greatest Coefficient

In any binomial expansion middle term hasthe greatest
coefficient. If there are two middle terms, then their

coefficients are equal and greatest.

We consider the binomial expansion of (x + a)™; let *C,

be the greatest coefficient.

HCT | | —g |
Now, ro_ n! _ (r+1)!{n—r—1)! = r+1 (1)

. riin—r)! n! n—r
C r+1

Since “C'_is the greatest coefficient

:JjEl:}rJrIEn—r :T‘En;l ------- (2)

If we substitute r — 1 forrin (1), we get

L |
Cr—l r

.-"ECT n—r—+1

Since “C'_ is the greatest coefficient

r B B _n+1
<] = r=Z=n—-r+1 =2r=— - (3)
n—r+1 2

From (2) and (3), we have

When n = 2m (an even number)

m +

|f'1

m——=171T:

B | =
o T =

Thisimplies r = m, and the greatest coefficient is the
coefficient of the middle term.
Whenn = 2m + 1 (an odd number)
m=r=m-++1
Thisimplies r=mm+ 1

In the next module, we show that the coefficients of the
terms in the binomial expansion of (x + a)™ equidistant
from the beginningand the end are equal. So, the greatest
coefficientis the coefficient of the two middle terms.

Example

In the expansion of (x + y)*, there are 5 terms. The
middle term is 3. The greatest coefficient is the coefficient

of the 3™ term

Example:

In the expansion of (x + y)S, there are 6 terms. There are

two middle terms given by % — 3 and 5; — 4, The two

middle terms are 3™ and 4™ termes.
Their coefficients are greatest and equal.

I3 = 5C*2x2y3 = 0x=y® , T = 5C73x3y2 — 10x3y?

GreatestTerm

In a binomial expansion, greatest term means numerically
greatest term. Since we are only concerned with the
numerically greatest term, the investigation will be the
same for (x — a)™ asfor (x + a)™. Therefore, in any
numerical example it is unnecessary to consider the sign of

the second term of the binomial.

n
We write (x + a)™ = x”(l + %)

n
Since x™ multiplies every termin (1 + %) , it will be

sufficient to find the greatest term in this latter expansion.

Let the ™ and (r + 1)™ be any two consecutive terms.

The (r + 1)™ term is obtained by multiplying the +™ term
by i -%;that is, by (HH — 1)%

r r

n+1

The factor ( — 1) decreases as r increases; hence the

r

(r+ 1)th term is not always greater than the r™term, but

_ 1
only until (n: — 1)% becomes equal to 1, or less than 1.
Now
(”+1—1)5:r= 1 = (”+1—1):-=£
r X r a
n+1 X n+1
= — E +1 = EH e o (5)
n+1 . i : i
|f x_isan integer, we denote it by p; then if r = p, the
{a

multiplying factor becomes 1, and the (p + 1)™ term is

equal to the pth; and these are greater than any other

term.

1. . o
|f ;1 is not an integer, we denote its integral part by g;

a

then the greatest value of r consistent with (5) is g; hence
the (g + 1)™ term is the greatest.

Example:

If x = %, find the greatest term in the expansion of (1 + 4x)%.

Solution
a x 1 3 1
Heren =8, —=4x =5 —=— =-— ('-‘x:—)
X a 4x 4 3
n+l 8+1 36 .
Now, =— = s— = —, not an integer.

Therefore, its integral part g = 5 and
(g+1) =5+ 1=6"termis greatest term and its value is

£

7.7 3|2
T i)

S

.

hS

Example:

Find the greatest term in the expansion of (3 — 2x)° when
x = 1.

Solution:

9
i _2x)2 =391
Given(3 —2x)" =3 (1 3)

a 2XxX i :
Heren=9, -= = (neglecting the sign)
X
X 3 3
—— — = — = — | X = ]_
a 2x E( )
n+l  9+1 20
Now — — = — =4, isan integer.
: §+1 §+1 5 y g

~ 4" and 5" terms are greatest terms, which are
numericallyequal and its valueis

—3% 84«8 =489 838




IP1:
The greatest Binomial Coefficient in the expansion (x + y):ms is

Solution:
The given expansion is (x + y)mS

Here indexn = 105, which is odd

~. The greatest coefficients are "C', , and “C_,,

I3 E

. 105 105
e, " Chsy and " Cipsyy

2 2

1054 105 -
— CE arcd C@
> 2

105 105
Csp and “Clag

}

Notice that '"C., = '°C., (since *C.="C,__ )



IP2:
Find the numerically greatest term in the expansion of

(1 —5x)'% when x = ;

Solution:

The given expansion is (1 — 5x)?

o

Heren =12 , - = 5x (neglecting the sign)

X 1 3 ( 2)
— — = — Pl g
a DX 10 3

n+l 1241 . .
Now, =— = —=— = 10, is an integer.
E+1 E+1

~ 10" and 11" terms are the greatest terms which are
numericallyequaland its valueis

(10"
13Cm y ‘H N ‘

", &



IP3:

Find the numerically greatest term in the expansion
(3x — 4y)* whenx = 8and y = 3.

Solution:

14
Given (3x — 4y)1* = (3x)** (1 — 4—})

3x
a 4y . .
Heren =14, —= . (neglecting the sign)
X X
X 3x
—-="—=2(vx=8andy = 3)
a 4y
n+l 1441 15 . .
Now, w—— = = — = b, is an integer.
—+1 241 3

= 5" and 6" terms are greatest terms which are numerically

equalandits valueis

& " 4
{ kK

(2_11'14 . 14CT4

1
2

|t

:
", #



IP4:

Find the numerically greatest term in the expansion of

(3x + 2y)11 when x = gand y=7-

Solution:
7 X 3x 4 2 3
Here n = 11, T:_,:'*—_—Z—('-'xz—,yZE)

n+l 11+1 36 . :
¥ T — 1 = —, Isnhot an Integer.

Now,

Therefore, its integral partisg = 5

* q+ 1 =6"term isthe greatest term and its value is

5
1 2 ' 1 1
Bt -0 (2) = 165 (20)°(30° = 16 (678



P1:

If H{TP is the greatest Binomial Coefficient in the expansion

(1 + x)** then H(I‘r =



Solution:
The given expansionis (1 + x)EE

Here index n = 22, which is even

. . . Ao A
~ The greatest coefficientis “C'_ i.e. ““C,, = “°(C
2 22 11
2 2

By the hypothesis, EEC} = EEC*H — r =11

13! 13412
_ 13-l _ 7R
1121 2

13 13
Now, ~“C, ="C4 =

F



P2:

Find the numerically greatest term in the expansion

12
2x 3
(3+E) whenx—i.



Solution:
. 2x 12 12 2x 12
Gwen(3 + ?) =3 (1 + E) |

a 2x X 15 3
Heren=12, -—=——-=— = 10('-*3{:—)
X 15 a 2x

n+1 12+1 13

Now, =— = — —, iIsnot an integer.
—+1 10+1 11

Therefore, its integral partisqg = 1

g +1 =2""termis the greatest term and its value is

10

", o

& 5

"1 6

)2
5

T, = 32, 13(:71 y



P3:

Find the numerically greatest term in the expansion of

(2x — 3y)* when x = 1and = g



Solution:

12
Given (2x — 3y)1% = (2x)*? (1 — 3—})

2x
a 3y i :
Heren =12, -—= v (neglecting the sign)
X x
X 2x 2 5
z,‘vr—:—:—('.*x = 1a?1dy:—)
a 3v 5 3
n+l  12+1 65, .
Now, =— = —= — Is not an integer

Therefore, its integral partisq = 9

g +1 = 10" term is the greatest term and its value is

_.--".-“'ngI
|"-..|'|

}{IECTQ}C‘ ‘_‘ ZIECTQKZE}{:"Q

.

('Z.T'Tu

-2

|1 |
", o



P4.

Find the numerically greatest term in the expansion of

(3x — 5y)™ whenng,yzgandn: 17.



Solution:

17
First write (3x — 5y)™ = (3x — 5y)1" = (3x)Y’ (1 — 2—‘1)

a SV : :
Heren = 17, = o (neglecting the sign)

X 3x 63

X
—_— — = — =
a SV 40

(n+1) 17+1 720 . :
Now, =—— = ==— = —, which not an integer
—+1 —+1 103

Therefore, its integral partis ¢ = 6 and its greatest term is 7%
term.

17 . 17 174 (57)°
BV - T; = 30V - V¢ (2)

= ¢, (5y) ¢ (3x)M

=" (3) (3)



Exercises:

1. Find the greatest binomial coefficient(s) in the expansion of
a. (1+ x)%°
b. (1 + x)**

1 21
C. (x + —)
X



2. Find the numerically greatest term(s) in the expansion of

a. (2 + 3x)*° whenx = %

b. (4 + 3x)'° when x = 5
c. (7—5x)* wherex = 2

d. (1 —3x)*° whenx ==

b

e. (3x + 5y) whenx =

1

% y
f. 3y +7x)*° wheny = =, X =
g. (4a — 6b)** whena = 3,b
h.(3+ 7x)" when x = % ,n =15
i. Bx—4y)*whenx =8,y =



8.4

Binomial Coefficients

Learning objectives:

e Toderive some properties of binomial coefficients.
And

e To practice the related problems.

The values of “C, are often referred to as binomial

coefficients. This is so because of their prominence in the
binomial theorem.

Some properties of the binomial coefficients are derived
below.

The binomial coefficients are defined by

HCP _ 1!
(n—r)!r!
! !
We notethat "C,_ = T S
(n—(n—r)i(n—r)! rli(n—r)
Therefore, "C, _ ="C,

If "C,="C,, then eitherx = yorx+y =n.

The first relation readily follows from the formulas of the
left and right hand sides.

Forthe second relation, we note that ”CI = HC,- ="C .

Therefore,x =n—y = x+y=n

The followingrelations can be easily obtained from the

formula for™C..

r-"C.=n-"c

r r—1

r+l
nCr . 1. 11'1+1(-/»41F+1
"+

A useful combinatorial identity (called Pascal’s identity) is
"C.o="C_+"C, 1=r=n-—-(1)

Equation (1) may be proved analytically or by the
following combinatorial argument. Consider a group of n
objects and fix attention on some particularone of these

objects —call it object 1. Now, there are LE'S,

»

_; groups of
size r that contain object 1 (since each such group is

formed by selectingr — 1 from the remainingn — 1

objects). Also there are i':"'_ltif‘;,, groups of size r that do not

contain object 1. As there is a total of "C . groups of size r,

equation (1) follows.

The coefficients of the terms equidistant from the beginning
and the end are equal.

Thisis seen as follows.

The coefficient of the (r + 1)™ term from the beginningis "C ..

¥

There are altogether (n + 1) terms and the (r + 1)™ term
fromtheendhas(n+1) — (r+ 1)or(n —r) terms
before it. Hence the (r + 1)™ term from the end is

(n — r + 1)™ term from the beginning and its coefficient is

e

—r"

Since "C.="C

n—r?

the assertion is proved.

We put x = 1 in the expansion of
(14+x)"="Cy+ "Cyx + "Cyx?+ «+ "C x™ ==---=-(2)
we get
2" ="Cy +"Cy+ "C, + -+ 7C,
Therefore, the sum of the binomial coefficients is 2™.
It follows that

Cy+"Cy 4+ C =27 -1

If we put x = —1in the expansion (2), we get
HCD — HC] + HCI — HC@ + HC4 — HC{ + R — U

HC{] + HC} + HCJ + - = HC.] + HCq + HC{ -+ -
= % (sum of all the coefficients)

_i_ 21’1—1

2
The sum of the coefficients of the odd terms is equal to

the sum of the coefficients of the even terms, and each is

equal to 2™ 1.

Example 1:

mCD erc2 _I_IDC4 P mcm _ l0-1 _ 59
1lcm+1102+1104+m+110m _ 9l _ 510
IDC‘I+IDC‘3+ mci +---+ng _ 5101 _ 59

o e e, g e =l _ o

Example 2:

If in the expansion of (1 + x)*3, the coefficient of
(2r + 1)™ term is equal to the coefficient of (r + 2)™"

term, then find r.
Solution:

43 43
Clr = C

r+1

Therefore, 2r +r+ 1 =43 = r =14

Example 3:

A man has 6 friends; in how many ways may he invite one
ormore of them to dinner?

Solution:

The guests may be invited singly, in twos, threes...;

therefore the number of selection
°Ci+°C,+°C+°C, +°C +°C, =2° -1=63



IP1:

If the coefficients of (r — 5)™ and (2r — 1) terms in the

expansion of (1 + x)3* are equal then the value of ris
Solution:

The coefficients of (r — 5)*" and (2r — 1) terms in the

expansion of (1 4+ x)3* are 340,,_5 and 346‘2,,_2

By the hypothesis, we have EI’41’_?‘;,_,5 — 3402 S

Therefore, eitherr —6 =2r —2 orr— 6+ (2r— 2) = 34
=r=—4o0r r=14

~r=14 (v risa positive integer)



IP2:

Prove that

i)  "Co+3-"Cy+3*-"Cy+---+3"-"C,=4"

HC C HC HC +1
1) - L+2.—2+3. —H bl — = BB LD)
c, "¢, "c, Cox 2
Solution:

i) We know that
A+x)"="Cy+"Cy - x+"Cy - x* +---+"C,, - X"

Put x = 3, we get

"Co+3-"Cy+3%Cy +- 43" 1C, =4
i)
n M i n n
Hq+2 HCE+3 H£+ +n- HCH :Z?"-HCF
Co Gy Gy Coa =1 G
n ! — (r—1)!
1, n! K(H r+Di(r—1)!
1 (m—r)lr! n!
Fl
:Z(H—?"I‘l)
r=l1
=n+(n-D+n-2)+-+2+1
~n(n+1)

2



IP3:

() (a.) +(€2) - e 1%, ) =

Solution:
We have
(1+x)*" =2"Cy + 2"Cy x + ... s e (1)
() Pl e e P ——(2)
Multiplying (1) & (2) we get

> N (2. 20 2n. 201, 2. 22 20
(2% =1) = (FCx™ = Pt + 0P+ P10y, )

(EHC[, + 0 x+ Oy X+t EH{C‘zﬂ:u:zﬂ]

By comparing the x 2" coefficients on both sides, we get

(*"Cy )2 -(*"¢, )2 +(*c, )2 —---+(2ﬁﬂ‘zﬁ)2 = *"Cy (-1)"



IP4:

If C, denotes”C, , then prove that

3:-Co2+7-C2+11-C% ++(@an+3)C,2=(2n+3)-*"C,, .

Solution:

letS =3-Cy>+7-C2+11-C* +-+(4n+ 3)C, > ——
(1)

On writing the terms of the R. H. S. of (1), in the reverse order,

we get
S=04n+3)C," +(4n —1)C,_,* + (4n —5)Cp_y” ++-- +3C,°
= (4n +3)Cy° + (4n— 1)C;° + (4n — 5)C,° +-- +3C,° —-(2)
(v Cp =C.,for0=r=<=n)
On adding (1) & (2), we get
2S = (4n+ 6)Cy* + (4n + 6)C, 2 + (4n + 6)Co > +--
+(4n + 6)C,°
= (4n+ 6)(Co* + C,° + C,° +++-+C,%)
— (4n + 6) - 'C, ( Co? + Cy2 + Cp2 4+ +C2 = Eﬂcﬁ)

~S=02n+3)-“"C,



P1:

If the coefficients of (2r + 4)™ and (r — 2)™* terms in the

)IE

expansion of (1 + x)*° are equal then r =



Solution:

The (2r + 4)™ term of the given expansion (1 + x)® is

- _ 18
Iyr+a = Tore)e1 = Cppz- X

-

Thus, the coefficient of (21 + 4)™ termis '°C,,

15—2r

Similarly, the coefficient of (r — 2)™ is °C =q

»

By the hypothesis, IEC‘L.,,Jr3 = 15¢ 3

= 2r+3=r—3o0r@2r+3)+(r—3) =18
— r=—6orr=2=6

~r =6 (Sincer isa positive integer)



P2:

If n is a positive integer, prove that

. g n - n—1
. 2r-C.=n-2

r=1

s 2
i. Xr(r-1)-"C,=n(n-1)-2""

r=2

2 2 n . n-2
. 2r -"C.=n(n+1)-2
r=1



Solution:

We have,

1+2)"="Co+"C-x+"Cy - x” +---+Cy - ¥

On differentiating both sides w.r.t x, we get

n(l+x)" ="C +"Cy - 2x+ "Cy - 3x% 4+ 1Cy - X
Now putx = 1, we get

n-2"="C +2."Cy +3-"Cy +---+n-"'C,

M
Thus, > - "C, =n- 2"

r=1

. We have,

(1+2)" ="Co+"C-x+"Cy - x” +---+"Cy - ¥
On differentiating both sides w.r.t x, we get

n(1+x)" ="C +"Cy - 2x+ "Cy - 3x% -4 "Cp- ™
Again differentiating both sides w.r.t x, we get
n(n-1D(1+x)"* =2"Cy + "C3-6x+-++ "C, - n(n—1)x""
Now putx = 1, we get
n(n-1)2""% =2"C, +6"C; ++-+n(n-1)"C,

M
Thus X r(r—1)- HC}" _ H(H—IJ-ZH_E
r=2

5.2 n & 1
> r°-"C, = X r(r-D+r]"C,

M 1
= >r(r-1)-"C,+ = r-"C,

F= F=

—(n—1+2)n-2"*



P3:

3 9 27
Co +5Cy +5Cp + 7 C3 e



Solution:

We have (1 + x)" = Cy + Cyx + Cox? + -+ Cpx™

By integrating, we get

Applying the limits 0 to 3, we get

'5“”““]3 = [Cox + 85 4 2 4
n+1 0 2 n+1
g+l 1 3 9 3"
e ] (CR - P Tt
4+l _4q 3 9 3

3[_“_'_1] —Cﬂ +EC]_ +§Cg+"'+mcﬂ




P4:

If €, denotes ”Cr , then prove that

CoC, +C4Criq +C5Crig+ -+ C,_,C,= 2"C

n+r

and deduce the following:

1L C2+C 2+ .+ C2=2"C

n n

2. CoC, +C,C)+CyCa 4o +C,_,C. =2"C, .4



Solution:

We have

(1+x)"=Cy+ Cix + Cox? + -+ C,x™ e (1)
1n\"* c, . G Cp,

and(l—l—;) —Cﬂ.‘|‘;‘|‘x—2‘|‘”"|‘x—n ------ (2)

Multiplying (1) & (2) we get

(1+x)*" Cc; G, C,
= (Gt at )
(Co + Cix + Cox* + -+ Cpx™) -——-(3)

The coefficient of x” on RHS of (3) is

Colyr + C1Cryq + Gl + -+ G Gy

The coefficientof x" on LHS

(1+4x)%"
T

— The coefficient of x" in
X

= The coefficient of x™ in (1 + x)"
:EHC

f1+r

Comparing the coefficient of x” on both sides of (3), we get
CoCr + CiCrat + CoCrap + -+ Coy C=""C,,,  ——(4)
Deduction 1: Putr = 0in (4), we get

Co” +C° + Cy° + -+ C,°=""C

f1

Deduction 2: Putr = 1in (4), we get

CoCy + (10 + Gl + +o 4 Gy Gy =20

n+1



1. Provethat Cy + 2-C; + 2% - Cy +--- +2™-C,, = 3".



2. Show that
i.2:-Co+5-C;+8:-Co+-+(@Bn+2)C, =0CBn+
4)2m 1,
ii.Co+3-C,+5-C,++(2n+1)C, = 2n+2)2" 1,
ii.2-Co+7-C,+12-C, ++-+(5n+2)C, = (5n + 4)2" 1.



3. Show that C, — 4C; +7C, —10C3 + +-- = 0.



4.1f (1 +x)"=Cy + Cyx + Cox? + ---+ C,,x™, then find the
value of Cy + 2C; + 3C, +4C3 + -+ (n+ 1)C,, .



5. (L+x)"=Cy + Cyx + ngﬁ + -+ C,x™, then find the

2C, = 3G,

value ngl + + t ot —

0 1 2 ?‘L—l



6. 1F(1+x)" = Cy+ Cyx + Cox? + ---+ C,x™, then find the

E'ﬂ-
(n+1) "

valueofﬁ'ﬂ+2—l+2—z+---+



7. Findthe sum of the following
i. 4-Co+7-C,+10-C,+---+(3Bn+4)C,

15 15 15 15

! C C C
H—1+2'1*‘—1+3'1* 3+'“+15"H—15
HCD HC‘} HC*} JCI_A‘

- -

|||. CD'CS +Cl'C4+C2 'CE ‘I‘""I‘Cn_g'cn
i"u‘r. ZE'CD‘I‘gE'Cl‘l“q‘E'CE ‘I‘""I‘(H‘I‘Z)E'Cn
V. 3'6{}"‘6'{;‘1+12'CE+"'+3'ZH'CH



8.5

Multinomial Coefficients

Learning objectives:

e Togeneralizethe Binomialtheorem to Multinomial
theorem.

e Togeneralizethe concept of Binomial coefficients to
Multinomial coefficients.
AND

e To practice the related problems.

We consider the following problem: A set of n distinct items

is to be divided into r distinct groups of respective sizes
Ny, Ny, N3, w.., N, where > 7, =71, We wish to know how many
i=1

different divisions are possible.

We note that there are FTC;}.II;:u:':ssil:»lma- choices for the first

group; for each choice of the first group there are F'T_ﬁllt”j‘m

possible choices for the second group; for each choice of the

first two groups there are H?C‘HS possible choices for the

third group; and so on. Hence it follows from the generalized

version of the basic counting principlethat there are

HC' H—ﬂl Cﬁl H—F‘Tl—ﬁ: C . ﬁ—ﬂl—ﬁ: "'—ﬁf_lc

L " 1,
__ (n=m)!  (n-m-—my-n)!
(n—m ) m ! (n—m—ny)'n,! 0'n,!
n!
:Hl!ﬂz!"'HF!

possibledivisions.

We use the following notation:

n
If n; + n, ...+ n, = n, we define (?‘11,?‘13, ...,n,,,.) by

(O =
'ﬂ;l,’ﬂ;z,...,HT _nl!ﬂz!...’!lr!

n

Thus(
Ny, My, e, Ny

) represents the number of possible

divisions of n distinct objects into r distinct groups of

respective sizes nq,n,, ..., n,..

Examplel:

A police department in a small city consists of 10 officers. If
the department policy is to have 5 of the officers patrolling
the streets, 2 of the officers working full time at the station,
and 3 of the officers on reserve at the station, how many
different divisions of the 10 officers into the three groups are
possible?

Solution:

2 _ 2520 possible divisions.

There are —
51213

Example 2:

Ten children are to be divided into an A team and a B team of
5 each. The A team will play in one league and the B team in
another. How many different divisions are possible?

Solution:

10!

There are _— = 252 possible divisions.

Example 3:

In order to play a game of basket ball, 10 children at a
playground divide themselves into two teams of 5 each. How
many different divisionsare possible?

Solution:

We note that this example is different from previous example
because now the order of the two teams is irrelevant. Thatis,
there isno 4 and B team but just a division consisting of 2

groups of 5 each. Hence the desired answer is

10! ., _ 252 _
ﬁTZ— - = 126

The followingtheorem, known as multinomial theorem,
generalizesthe binomial theorem.

n
mn T T T
(1 +xp + 4 %) = 2 : (nl,ng,...jn?,)xl Xz X

(nq,m9,...1p)
nq+hHy..+TNp="

Thatis, the sum is over all nonnegative integer-valued vectors

(ny, ny, ..., n,) such thatny + n, ...+ n, = n.

The numbers ( ) are known as multinomial

Ny, Ny, ey Ny
coefficients.

Forthecaser = 2,n; = k,n, = n — k, the equation

n n!
non)- i
Ny, Mo, e, Ny Mnqn,ln,!

reduces to the binomial coefficient

(E) - [n—T:)!k!

Furthermore, we note that the multinomial coefficient in

equation (1) is identical to the expression for the number m
of distinguishable permutations of n objects, n; of which are
identical and type i (fori = 1,2,...,rand n; + n, ...+ n, =

n):

n!

m =
nqin,tl.n,!

A careful look should convince us that the two expressions
must be identical.

Example 4:

2 2
(J:j_ + Xa -+ .1','3)2 — (2 0 D) JElEJ:EDxSD + (D 2 D) IIDXEEKSG +
2 2

(0,0,2) X1 x5 5" (1,1,:}) Xy X x50

2 2
(1,0,1) XX Xy (0,1,1) X10X Xy
= x1% + x9% + x3% + 2xyx5 + 2x,X3 + 2x5X3



IP1:

Find the number of ways that 12 apples can be divided among
4 children if the youngest child receives 6 apples and each of

the other 2 apples.
Solution:

We wish to find m partitions of the 12 applesinto 4 cells
containing 6,2,2,2 apples respectively. So, that

12! 12X11X10X9X8X7
= = 83160
6121212! 8




IP2:

Find the coefficient of +**® in the expansion of

1-x)™" Q+x+x7)*"

Solution:

2007
(1—.:!5)21:”:}'8 (1+x+x2)

=(1 —x)[ (1 —.1‘:)(1 +x+x1)]mﬂ?

)EDDT

=(1 —.x)(l — i3

2007 2007
:(1—.1:3) —.1:(1—.1:3)

r y 2007

Allthe terms in the expansion Df(l—an are of the form x°”

200

and all the terms in the expansion of x (1—:{3] are of the

ir+l 3r+2

2009,
form x , where as X is of the form x

. Thus, the

desired coefficient is 0.



IP3:

Find the coefficient of x3y3 z% in (2x — 3y + 52)5.

Solution:
1 1 Fl i, !
We have (x; +x, +x3) = > X' 1xy 250
1, Hy, 1520 1,13
M +H, +H=H

Taking x; = 2x, x, = -3y, x3 =3y andn = 8, we get

Now,
8
(r_3piscf= [ ](zx)ﬂl(—wz(szfﬂ
1y, Hy, 1520 LRGP
1 +1, +H,=8

- The coefficient of x3 y> z? = (3 g 2)(2)3(—3)3(&'})2

= 2 (23(-3)3(5)?
= 560 (2)* (—3)(5)?



IP4:

15 )
k
iF (1 +x+x% +x3)° = Z @ X" thenfind ), @2 .
k=0 k=0

Solution:
A+x+x2+x¥°=ay+a;x +ax?+ -+ a;5x1° ——(4)
Put x = 1in (4), we get

ap+a; +ay,t+aztas+-+as=>0+1+1+1)°

ao+a; +a, +as +a, ++as =4° (1)
Putx = —1in (4), we get
Qg —a; +a, —az +a, ——a;s =(1—1+1-1)°
g —ay +a, —as +ay —-—a;s =0 ------(2)
By adding (1) and (2), we get
2(apg +a, + -+ agy) = 4°
7 43

ag +ap + -+ @y = 2, agp =—-=512
k=0



P1:

In how many ways can the 12 students in a class take 4

differenttests if 3 students are to take each test?



Solution:

We have to divide (partition) 12 students for 4 different tests if

3 students are to take each test.

R V1
" 31313131

= 3,69,600 Partitions



P2:

Find the coefficient of x'’in the expansion of (1+ x2 —x3)8.



Solution:

We rewrite the given expression as [1+x2(1—x)]gand expand By
using the binomialtheorem, we have

[1+x°1-x)] =°Cy + °C, x* 1 - %)+ °C, x* (1- x)* + °C; ° (1 - x)°
+ EC‘4 IS(I —:q:)qI + ECE_ .rm(l —:ns:):i +

The two terms which contain x'°are EC‘4 IE(I —I)4 and

8(35 .rm(l — .r)s .

Thus, the coefficient of '%in the given expansion
— 8(_”,‘4 |Coefficient of x%in the expansion of(1 — x)*] + 3&‘5

g g, 8 I ~
="C4(6)+°Cs == (6)+5 = (70)(6)+ 56 = 476



P3:

- 6
Find coefficient of x in the expansion of (1—2x+x3) .



Solution:

6 6!
(1—2x+x3) =
D.,q,r20 plglr!
p+g+r=6

3 0!
2,4,r>0 plgtr!
pP+q+r=6

(1) (-2x)" (<)

(_2)? Iq+3r ________(1)

For coefficient of xT, we havetotakep = 1,g =4,r = 1 and
p=3,q=1, r = 2.

Thus, coefficient of x’ js = 134! (—-2)* +

6!
3I112!

(—2)

= 480 — 120 = 360



P4.

a. lf (3+7x—9x%)" = ag + a,x + ayx? + - + az,x*",
then find the value of
E) ﬂﬂ‘l‘ﬂl‘l‘ﬂz‘l‘""l‘ﬂzn ii) ﬂn+ﬂ2+ﬂ4+"'+ﬂ2n
7
b.if (1+x+x*+x3) =bg+ byx+ byx* + -+ by x*t
then find the value of

E) bﬂ‘l‘bl‘l‘bz‘l‘""l‘bzl ii) bl‘l‘bg‘l‘bS‘l‘""l‘bzl



Solution:
a. We have
Qg + a;x + arx?+ -+ a,,x*" =3+ 7x — 9x)" —- (1)
Putx = 1in (1), we get
ap +a; +a, +az +--+a,, =1 - (2)

Putx = —1in (1), we get

ap—a; +a, —az + -+ ay, = (—13)" --—--—--(3)
(2)+B) = 2(a+ay+-+ay)=1+(13)"
_1+(—13)"

— ﬂﬂ‘l‘ﬂg‘l‘ﬂq_‘l‘”"l‘ﬂgn— 2

b. We have
by + bix + byx* + -+ by x*t =1 +x +x% +x3) (1)
Putx = 1in (1), we get
bo+ by + by + -+ by =47 ——-(2)
Putx = —1in (1), we get
bo— by + by, —bs + --—by; =0 -—-(3)
(2)—(3) = 2(by + by +bs+ -+ by) =47

= by + by +bs + -+ by = 213



1. Find the number m of ways that 9 toys can be divided
between 4 children if the youngest is to receive 3 toys and

each of the others 2 toys.



2. There are 12 students in a class. Find the number m of ways
that 12 students can take 3 different tests if 4 students are

to take each test.



3. Find the number m of ways that 12 students can be
partitioned into 3 teams so that each team contains 4

students.



4. Find the number of ways in which 15 recruits can be drafted

into three different regiments, five into each.



5. Find the number of ways in which 15 recruits can be divided

intothree equal groups.



6. Find the Coefficient of x° in the expansion of (1—2.r+.r3)6.



3

7. Find the coefficient of x;2 x5 x,° x<* in the expansion of

(:;*:1 + X9 + Xg + X4 1 JifE)lD.



8. Find the coefficient of p3 g?r in the expansion of
p+q+r+s+t)°.



9. Find the sum of the coefficients in the (1 + x — 3x2)171,



10. If (14 3x —2x9) =ay + a;x + a,x? + -~ + a,ox?°, then
show that
a.ﬂﬂ‘l‘ﬂl ‘I‘ﬂg ‘I‘""l‘ﬂgﬂ — zlﬂ

b.ﬂﬂ—ﬂl‘l‘ag —{13 ...‘I‘IEIED :41{]



11. F(1+x+x)"=ag+ a;x + a,x?+ -+ a, x%™, then
show that
a.-ﬂﬂ‘l‘ﬂl‘l‘ﬂg ‘I‘""l‘ﬂgﬂ :311

b.ﬂﬂ‘l‘ﬂg ‘I‘ﬂ_gl,‘l‘”"l‘ﬂgn:




